チョウヘイメン ハイチ ト LEFSCHETZ ノ チョウヘイメン セツダン テイリ RECENT TOPICS ON REAL AND COMPLEX SINGULARITIES by 吉永, 正彦
Title超平面配置とLefschetz の超平面切断定理 (Recent Topicson Real and Complex Singularities)
Author(s)吉永, 正彦



















$g\in \mathbb{C}[x_{1}, \ldots, x\ell]$ $\mathrm{M}(g):=\{x\in \mathbb{C}^{l}|g(x)\neq 0\}$
$\{g=0\}$
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$\varphi=|\frac{f}{g}|$ : $\mathrm{M}(g)arrow \mathbb{R}_{\geq 0}$
$\varphi$
$\varphi$ –
$\varphi^{-1}(\mathrm{O})=\mathrm{M}(g)\cap F$ $\varphi\neq 0$ Crit(q)
$p\in$ Crit(q) $W_{p}^{u}$
$\mathrm{M}(g)$ $\varphi^{-1}(0)$
$\mathrm{M}(g)\approx(\mathrm{M}(g)\cap F)\text{ }‘\bigcup_{p\in \mathrm{C}\mathrm{r}\mathrm{i}\mathrm{t}(\varphi)}W_{p}^{u}$
.
$\varphi$ .
.– ( $=$ ) $\ell$
( )
$\text{ }-\text{ }\mathrm{A}s\text{ }[\mathrm{G}\mathrm{M}]_{\text{ }}$
$\ell$ (1)
:










$0arrow H_{\ell}(\mathrm{M}(g))arrow H_{\ell}(\mathrm{M}(g), \mathrm{M}(g)\cap F)arrow H_{\ell-1}(\mathrm{M}(g)\cap F)arrow H_{\ell-1}(\mathrm{M}(g))i_{\ell-1}$.
(1)
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Orlik-Solomon $[\mathrm{O}\mathrm{S}]_{\text{ } }$




Theorem 2.0.3 ([DP1] [Ra2]) $A$ $\mathbb{C}^{\ell}$
$\mathrm{M}(A)$ CW
CW k((\check \neg k k bk(M(A))
CW
– $\mathrm{C}\mathrm{W}$
( $\{(x,$ $y)\in \mathbb{C}^{2}|x^{2}-y^{3}\neq 0\}$ )
3 Attaching maps
$\mathrm{M}(A)$
$\mathrm{M}(A)$ rank 1 $\mathcal{L}$ $\mathcal{L}$
















$=\mathbb{R}^{\ell}$ $p$ $A=\{H_{1}, \cdots, H_{n}\}$





$\mathrm{M}(A)=\mathbb{C}^{p}\backslash \bigcup_{H\in A}H\otimes \mathbb{C}$
4.2 Chamber
– $f$ Generic $F=\{f=0\}$




$\varphi=|\frac{f^{n+1}}{Q}|$ : $\mathrm{M}(A)arrow \mathbb{R}_{\geq 0}$ .
$n$ – $Q= \prod_{i=1}^{n}\alpha_{i}$
$F$
$\varphi$
Example 4.2.2 $P=1$ $\mathbb{R}$ $n$ $Q(x)=$
$(x-a_{1})(x-a_{2})\cdots(x-a_{n})_{\text{ }}$ Generic – $f(x)=x-b$
$\varphi=|\frac{(x-.b.)^{n+1}}{(x-a_{1})\cdot(x-a_{n})}|$ : $\mathbb{C}\backslash \{a_{1}, \ldots, a_{n}\}arrow \mathbb{R}_{\geq 0}$ .
Figure 1: Gradient flow for $\ell=1$
– $A=\{a_{1}, \ldots, a_{n}\}$ Chamber
Ch $(A)=\{(-\infty, a_{1}), (a_{1}, a_{2}), \ldots, (a_{n-1}, a_{n}), (a_{n}, \infty)\}$
$n+1$ Generic $F=\{b\}$ $n$
Chamber $\ovalbox{\tt\small REJECT}\backslash$
$\{(-\infty, a_{1}), (a_{1}, a_{2}), \ldots, (a_{i-2}, a_{i-1}), (a_{i}, a_{i+1}), \ldots, (a_{n-1}, a_{n}), (a_{n}, \infty)\}$
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Chamber – Morse l
Chamber $\varphi$
–




(1) $| \mathrm{c}\mathrm{h}(A)|=\sum_{i=1}^{p}b_{i}$ .
(2) $| \mathrm{b}\mathrm{c}\mathrm{h}(A)|=|\sum_{i=1}^{t}(-1)^{i}b_{i}|$ .
(3) $|\mathrm{c}\mathrm{h}_{F}(A)|=b_{\ell}$ .




Morse $\varphi=|f^{n+1}/Q|$ $C\in \mathrm{c}\mathrm{h}_{F}(A)$ $\varphi|_{C}$ : $Carrow \mathbb{R}_{\geq 0}$
$C$
$Pc\in C$ $Pc\in M(A)$




$\mathrm{c}\mathrm{h}_{F}(A)$ $rightarrow$ Crit $(\varphi)$
$C$ $Pc$
Chamber $C\in \mathrm{c}\mathrm{h}_{F}(A)$ $Pc\in \mathrm{C}\mathrm{r}\mathrm{i}\mathrm{t}(\varphi)$
4
4



















(a-) Chamber $C\in \mathrm{c}\mathrm{h}_{F}(A)$ $\sigma_{C}$ : $\mathrm{D}^{\ell}arrow M(A)$
(b) $\sigma_{C}$
5.1 $\vdash$
Chamber $C\in \mathrm{c}\mathrm{h}_{F}(A)$ $Pc\in C$
$\sigma_{C}$ : $(\mathrm{D}^{\ell}, \partial \mathrm{D}^{p})arrow$ ( $\mathrm{M}(A)$ , $\mathrm{M}(A)$ )
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Propositon 5.1.1 $\sigma_{C}$
(i) $\sigma_{C}(\mathrm{D}^{\ell})$ $C$ – $(\sigma_{C}(\mathrm{D}^{\ell})\mathrm{r}\mathrm{h}C=\{p_{C}\})$
(ii) $C,$ $C’\in \mathrm{c}\mathrm{h}_{F}(A),$ $C\neq C’$ $\sigma_{C}(\mathrm{D}^{\ell})\cap C’=\emptyset$ .
(i) (ii) ( )
–
(i), (ii) $\sigma_{C}$
Theorem 5.1.2 $\sigma_{C}’$ : $(\mathrm{D}^{\ell}, \partial \mathrm{D}^{\ell})arrow(M(A), F_{\mathbb{C}}\cap \mathrm{M}(A))$ $C$
– $C’\in \mathrm{c}\mathrm{h}_{F}(A)\backslash \{C\}$
$\sigma_{C}’$ $\sigma_{C}$ : $\sigma_{C}’\approx\sigma_{C}$
( ) $-\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\varphi$ $M(A)$ 1-parameter







(i) $\sigma_{C}(\mathrm{D}^{\ell})$ $C$ –
(ii) $C,$ $C’\in \mathrm{c}\mathrm{h}_{F}(A),$ $C\neq C’$ $\sigma_{C}(\mathrm{D}^{\ell})\cap C’=\emptyset$ .
$\sigma_{C}$ : $(\mathrm{D}^{\ell}, \partial \mathrm{D}^{\ell})arrow(M(A), F_{\mathbb{C}}\cap \mathrm{M}(A))$ Lefschetz
$\sigma_{C}$ $\mathrm{M}(A)$
$\mathbb{C}^{l}$ – $\mathbb{R}^{\ell}$ –
$\mathrm{T}\mathbb{R}^{\ell}$ $arrow$ $\mathbb{C}^{\ell}$
(2)
$(x, v)$ – $x+\sqrt{-1}v$ ,
54
$x\in \mathbb{R}^{\ell},$ $v\in \mathrm{T}_{x}\mathbb{R}^{\ell}$
$\alpha(x)=arrow a\cdot x+barrow$
, $arrow b\in \mathbb{R}^{\ell}$ $x+\sqrt{-1}v$ $H\otimes \mathbb{C}$
$\alpha(x+\sqrt{-1}v)$ $=$ $arrow a\cdot(x+\sqrt{-1}v)+barrow$
$=$
$arrow a\cdot x+b+\sqrt{-1}arrow(arrow a\cdot v)$
$=$ $\alpha(x)+\sqrt{-1}\crossarrow a\cdot v$
$\alpha(x+\sqrt{-1}v)=0$ $\Leftrightarrow$ $x\in H_{\mathbb{R}}\mathrm{a}\mathrm{n}\mathrm{d}arrow a\cdot v=0$
$\Leftrightarrow$ $x\in H_{\mathrm{R}}$ and $v\in \mathrm{T}_{x}H_{\mathrm{R}}$
:
PrOPOSitOn 5.2.1 – (2)
$\mathrm{M}(A)\cong\{(x, v)\in \mathrm{T}\mathbb{R}^{\ell}|v\not\in \mathrm{T}A_{x}\}$
’ $A_{x}=\{H\in A|H\ni x\}$ $x$
$\mathrm{T}A_{x}$
( $x$ , v)\in TR \mbox{\boldmath $\sigma$} $A$
(Figure 3)






(Figure 5 – ) :
$L_{1}$ : $y=x+ \frac{1}{2}$
$L_{2}$ : $y=-x+ \frac{1}{2}$
$F$ : $y=0$ .
$\sigma_{C}$ : $(\mathrm{D}^{2}, \partial \mathrm{D}^{2})arrow$ ( $\mathrm{M}(A)$ , $\mathrm{M}(A)$ ) $\mathrm{D}^{2}$
$\mathrm{D}^{2}=$ {$v=(r\cos\theta,$ $r$ Sin $\theta$)} $0<\theta_{0}<<\pi$ –
Definition 5.2.2 (Figure 4)
(1) ( ): $A_{1}= \{v\in \mathrm{D}^{2}|r\leq\frac{1}{2}\}$ .
(2) ( ): $A_{2}= \{v\in \mathrm{D}^{2}|\frac{1}{2}\leq r\leq 1, \theta_{0}\leq\theta\leq\pi-\theta_{0}\}$ .
(3) ( ): $A_{3}= \{v\in \mathrm{D}^{2}|\frac{1}{2}\leq r\leq 1, \pi+\theta_{0}\leq\theta\leq 2\pi-\theta_{0}\}$ .
(4) ( )5: $A_{4}=\mathrm{D}^{2}\backslash A_{1}\mathrm{u}A_{2}\cup A_{3}$ .
Figure 4: Decomposition of $\mathrm{D}^{2}$
$\mathrm{D}^{2}$
$\sigma_{i}$ : $A_{i}arrow \mathrm{M}(A)$
(Figure 5)













Cohen-Orlik [CO] “Universal $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{x}^{)}$’
Kohno $([\mathrm{K}\mathrm{o}])$
( Cohen-Dimca-Orlik, Libgober [CDO, Li2])
[Y2]
Theorem 6.0.3 $p$ $A$ $\mathrm{M}(A)$ rank 1
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